ABSTRACT. We compute the rational Chow class of the locus of genus 2 curves admitting a d -to-1 map to a genus 1 curve, recovering a result of Faber-Pagani when d = 2. The answer exhibits quasimodularity properties similar to those in the Gromov-Witten theory of a fixed genus 1 curve. Along the way, we give a classification of Harris-Mumford admissible covers of a genus 1 curve by a genus 2 curve, which may be of independent interest. As an application of the main calculation, we compute the number of d -elliptic curves in a very general family of genus 2 curves obtained by fixing five branch points of the hyperelliptic map and varying the sixth.
INTRODUCTION
The main question we consider is:
Question 1. Let F : X → B be a family of genus 2 curves, where B is a proper curve. How many fibers of F are d -elliptic, i.e., admit a finite cover of an elliptic curve?
Question 1 amounts to understanding the closure of the locus of d -elliptic curves in 2 . In order to compute the stable limits of d -elliptic curves, we pass to the stack d m 2/1,d of admissible covers, which compactifies the Hurwitz space of degree d covers of a genus 1 curve by a genus 2 curve. We have a generically finite map π 2/1,d : d m 2/1,d → 2 remembering the (stabilized) source of an admissible cover, and the image of π 2/1,d compactifies the locus of d -elliptic curves.
Our main result is: Theorem 1.1. The class of the morphism π 2/1,d in A * ( 2 ) is
where
When d = 2, Theorem 1.1 recovers [FP15, Proposition 2]. Indeed, it follows from §2.5 that the morphism π 2/1,2 is generically 4-to-1, so the class of the substack of bielliptic curves is Let ∆ 00 be the closure of the locus of rational curves with two nodes, or alternatively the image of the 8-to-1 morphism b 00 : M 0,4 → 2 gluing together the first two and last two marked points. Let ∆ 01 be the locus of reducible genus 2 curves having a nodal cubic as a component, or alternatively the image of the generically 2-to-1 morphism b 01 : 1,1 → 2 that attaches a nodal cubic at the marked point. Let δ 0i denote the (Q-)class of ∆ 0i in A 1 ( 2 ). We also let C 000 denote the stable curve obtained by gluing two 1 s at three points, and let C 001 the stable curve obtained by attaching two nodal cubics at smooth points.
Let p denote the bivariant class of a geometric point Spec( ) → 2 ; all such points are rationally equivalent. 
Admissible covers. We recall the definition of [HM82]:
Definition 2.2. Let X , Y be curves. Let b = (2p a (X ) − 2) − d (2p a (Y ) − 2), and let y 1 , . . . , y b ∈ Y be distinct marked points so that (Y , y 1 , . . . , y b ) is stable in the sense of [DM69] . Then, an admissible cover consists of the data of the stable marked curve (Y , y 1 , . . . , y b ) and a finite morphism f : X → Y such that:
• f (x ) is a smooth point of Y if and only if x is a smooth point of X , • f is simply branched over the y i and étale over the rest of the smooth locus of Y , and
• at each node of X , the ramification indices of f restricted to the two branches are equal. . . , t 3h −3+b ]] be the versal deformation space of (Y , y 1 , . . . , y b ), so that t 1 , . . . , t n are smoothing 1 There appears to be a sign error in the second to last relation stated in [Mum83] ; it is stated correctly in the second list of relations Mumford gives in terms of λ 1 .
parameters for the nodes y 1 , . . . , y n . Let x i ,1 , . . . , x i ,r i be the nodes of X mapping to y i , and denote the ramification index of f at x i , j by a i , j .
Proposition 2.4 ([HM82]). The complete local ring of d m g
, . . . , t n = t a n ,1 n,1 = · · · = t a n,r n n,r n ).
Here, the variable t i , j is the smoothing parameter for X at x i , j . In particular, we see that Proof. The linear system defining f must be a 2-dimensional subspace
). In order for W to be totally ramified at x , we need
For such an x , there are unique (up to scaling) sections in V vanishing to maximal order at 0 and x ; thus W is uniquely determined. Moreover, f will be simply branched over two distinct points of 1 unless it has two simple ramification points over the same point of 1 or a triple ramification point; however, this will only happen for finitely many E , exhibited as a 3-point cover of 1 .
2.5. Genus 2 Curves with Split Jacobian. In this section, all curves are assumed to be smooth, and J (X ) denotes the Jacobian of X . The main reference here is [Ku88, §2].
Definition 2.7. Let f : X → E be a morphism of curves of degree d , where C has genus 2 and E has genus 1. We say that f is optimal if it does not factor as X → E → E , where E → E is an isogeny of degree greater than 1.
Let f : X → E 1 be an optimal cover of degree d . Fix a Weierstrass point x 0 ∈ X , and let ι : X → J (X ) be the embedding sending x → (x − x 0 ). We may regard E 1 as an elliptic curve with origin f (x 0 ). We then get an induced morphism of abelian varieties φ 1 : J (X ) → E 1 such that φ 1 • ι = f . We have an exact sequence
By the optimality of f , E 2 is connected. Let φ 2 : J (X ) → E 2 be the dual map to the embedding φ 2 : E 2 → J (X ), and let f 2 = φ 2 • ι : X → E 2 . Proof. We may regard E 0 as an elliptic curve with origin f 0 (x 0 ). We then get an induced morphism of abelian varieties φ 0 : J (X ) → E 0 such that f = φ 0 • ι, and a nonzero dual morphism φ 0 : E 0 → J (X ). Exactly one of the maps φ i := pr i • φ • φ 0 must be nonzero, because E 1 and E 2 are not isogenous; assume that φ 1 = 0 and φ 2 = 0. Then, from the exact sequence (1), we have that φ 0 factors as φ 2 • g , for some non-zero g : E 0 → E 2 . Dualizing and pre-composing with ι shows that f 0 factors through f 2 . The uniqueness of f 0 follows from the uniqueness of the factorization φ 0 = φ 2 • g .
CLASSIFICATION OF ADMISSIBLE COVERS
In this section, we classify the points of d m 2/1,d . Let f : X → Y be such a point, and let y 1 , y 2 ∈ Y denote the marked branch points. The classification proceeds by pulling back the strata usual boundary strata of 1,2 by the map ψ 2/1,2 : d m 2/1,d → 1,2 , and studying the admissible covers where the target curve is of each possible topological type.
The base curve (Y , y 1 , y 2 ) is of one of the following types:
(1) a smooth curve of genus 1 with two marked points, (2) a smooth curve of genus 1 with a 1 attached at one point, with both marked points on the rational component, (3) a nodal cubic with two marked points, (4) a nodal cubic with a 1 attached at one point, with both marked points on the smooth component, or Covers of types 4 and 5 are specializations of covers of types 2 and 3, and will not appear in our test families.
We now describe all admissible covers f : X → Y in each of these five cases.
3. Figure 1 , with details given below.
3.2.1. Type 2A/2A . Suppose X has a genus 2 component X 2 mapping to Y 1 . Then, the branch divisor of f | X 2 must be equal to 2y , and hence f −1 (y ) ⊂ X 2 contains two points x , x ∈ X 2 with e x = e x = 2 (type 2A), or a unique point x ∈ X 2 with e x = 3 (type 2A ). Then, at each point x ∈ f −1 (y ), we must attach a smooth rational component R x mapping to Y 1 with degree at least e x . The R x must be pairwise disjoint, and can only contain two additional ramification points in total, so in fact the degree of R x over Y 0 is equal to e x .
In both cases, we have
3.2.2. Type 2B. Suppose X has a single genus 1 component X 1 mapping to Y 1 . The map f | X 1 : X 1 → Y 1 must be unramified. The ramification divisor of f has degree 2, so f −1 (Y 0 ) must be a union of rational curves, attached to the points of X 1 lying over y . Exactly one pair of these points lie on a common rational component X of degree 2 over Y 0 ; all other components of
In this case,
) is the curve obtained by gluing two points of X 1 together. Note that the glued points both lie in the kernel of an isogeny of degree d , so their difference must be d -torsion. 3.2.3. Type 2C. Suppose X has two genus 1 components X 1 , X 1 mapping to Y 1 . First, note that X 1 and X 1 must be disjoint, or else they would intersect at a node x lying over y , but neither branch at x would map to the branch at y on Y 0 . As before in type 2B, f must be unramified over Y 1 , and f −1 (Y 0 ) must be a union of rational curves, attached to the points of X 1 lying over y . One of these rational curves must connect X 1 to X 1 in order for X to be connected, and its degree over Y 0 is 2; all other rational components of X map isomorphically to Y 0 , and the rational components of X are pairwise disjoint.
, where the two components are attached at a node.
3.3. Type 3. Throughout this discussion, we fix the normalization map ν : 1 → Y , and let f : X → 1 be the map obtained by normalizing X and Y . Let y 0 ∈ Y denote the node, and let y , y ∈ 1 be its pre-images under ν. By abuse of notation, we let y 1 , y 2 ∈ 1 denote the pre-images of y 1 , y 2 ∈ Y . Then, f : X → 1 is simply branched over y 1 , y 2 , possibly branched over y , y , and unramified everywhere else.
Let X 1 , . . . , X n be the components of X , and let d i be the degree of X i over 1 . Let s i denote the total number of points of X i lying over y and y . Then, the number of points of
On the other hand, X is is the blowup of X at t points, so p a ( X ) = 2 − t . Thus 2 − t ≥ 1 − n, hence t ≤ n + 1. On the other hand, s i ≥ 2 for each i , so t ≥ n .
Because t is an integer, the only possibilities for the s i (up to re-indexing) are: s 1 = 4 and s i = 2 for all i ≥ 2 (type 3A), s 1 = s 2 = 3 and s i = 2 for all i ≥ 3 (type 3B/3B ), or s i = 2 for all i (type 3C). The possibilities for the source curve X , are shown in Figure 2 , with justification below.
3.3.1. Type 3A. We have a single component X 0 ⊂ X with four points mapping to y 0 ∈ Y ; all other components of X have two points mapping to y 0 . As X 0 is connected, we see that X must consist of two disjoint chains of curves X 1 , . . . , X p and X 1 , . . . , X q attached at two points to X 0 . We allow possibility that at least one of p , q is equal to 0; in this case, X 0 has a non-separating node. We deal here with the case p , q > 0, and remark at the end that the "degenerate" cases are similar. With this assumption, we must have that all components of X have genus 0.
Each of the components of X other than X 0 is unramified over 1 away from the two nodes; thus, each X i → 1 is of the form x → x a for some a (independent of i ), branched over y , y . Similarly each X j → 1 is of the form x → x b for some b (independent of j ), branched over y , y . Now, X 0 has degree a +b over 1 , and each of y , y has two points in its pre-image, of ramification indices a and b . (Note that when a = b , we have three ways of distributing the nodes on X 0 over y FIGURE 2. Sources for covers of types 3A, 3B, 3B , 3C. Sources for covers of types 4A , 4B, 4B , 4C may be obtained by attaching rational curves. Sources for covers of types 4A, 4C by additionally replacing the two smooth ramification points with a smooth triple ramification point. and y ). By Riemann-Hurwitz, there are two additional simple ramification points on X 0 mapping to
The situation is similar when at least one of p , q is equal to 0: the chains of smooth rational curves attached to X 0 may be replaced with a non-separating node on X 0 , and the normalization of X 0 maps to 1 as before. In this case,
3.3.2. Type 3B/3B . We have two components X 1 , X 2 containing three points each mapping to y 0 ∈ Y . X 1 and X 2 are connected either by three possibly empty chains of curves (type 3B), or one chain of curves, with chains of rational curves attached to each X i at two points (type 3B ). As in type 3A, the latter chains may be empty, in which case at least one of X 1 or X 2 may become nodal. We first assume this is not the case.
Then, as before, every component of X must have genus 0, and all components of X other than X 1 and X 2 map to to 1 via x → x r , for some r ≥ 1. The three nodes on each X i are the only points mapping to y 0 , so f | X i must be totally ramified at one of them, and the sum of the ramification indices at the other two must be equal to the degree of f | X i . By Riemann-Hurwitz, there is one additional simple ramification point on each X i .
If, in type 3B', two nodes of X 1 or X 2 are connected by an empty chain of curves (that is, glued to each other), then we obtain similar covers: X i becomes a nodal cubic, and its normalization maps to Y as above.
In this case, we have
, and in type 3B , we have
3.3.3. Type 3C. Here, X must consist a smooth genus 1 component X 1 attached at two points to a chain of p rational curves, each of which maps to Y 0 via x → x a . Here, we need a ≥ 2, as X 1 will map to 1 of Y with degree a . The map f : X 1 → 1 is totally ramified at the two nodes on X 1 , and simply ramified at two other points on X 1 .
As will be important for us later, we may also have p = 0, in which case X is irreducible with a single node, and its normalization X 1 maps to 1 as above. • f −1 (Y 1 ) is isomorphic to a source curve X from types 3A, 3B/3B', or 3C, disregarding for now the smooth ramification points. (types 4A/4A', 4B/4B', 4C/4C') • f −1 (Y 1 ) is isomorphic to a cycle of p smooth rational curves, for p ≥ 1 (type 4D/4D ). When
FIGURE 3. Sources for covers of types 4D, 4D , 4E
• f −1 (Y 1 ) is isomorphic to two disjoint cycles of smooth rational curves of lengths p , q (type 4E). As above, we allow p = 1 and q = 1.
We will see that in the first case, the covers of type 4 may essentially be constructed from those of type 3, by allowing the smooth ramification points to come together. However, the covers of types 4D, 4D , and 4E are new: their source curves are shown in are shown in Figure 3 .
is isomorphic to the source curve X in type 3A. However, f must now be unramified away from the nodes on X 0 , so either X 0 acquires a triple ramification point over y (type 4A), or its two additional ramification points must both lie over y (type 4A ). In addition, at each x ∈ f −1 (y ), we must attach a smooth rational component to f −1 (Y 1 ) mapping to Y 0 with degree e x . In both cases,
3.4.2. Type 4B/4B . Here, f −1 (Y 1 ) is isomorphic to a source curve X in types 3B/3B . The simple ramification points on X 1 , X 2 are now constrained both to lie over y , and as in type 4A/4A , at each x ∈ f −1 (y ), we attach a smooth rational component to f −1 (Y 1 ) mapping to Y 0 with degree e x . The contractions of X are as in types 4B/4B . 3.4.3. Type 4C/4C . Here, f −1 (Y 1 ) is isomorphic to a source curve X in type 3C. As in the previous two cases, we attach smooth rational curves to the pre-images of x on f −1 (Y 1 ), mapping to Y 0 with degree e x . In addition, the two additional ramification points on the genus 1 component X 1 either come together to a triple ramification point over y (type 4C), or are constrained both to lie over y (type 4C ).
As in type 3C, X contracts to an irreducible genus 2 curve X c with one node. The normalization X 1 of X c is an elliptic curve with a cover of 1 branched over only three points, so if we fix the degree of our admissible cover f , there are only finitely many possible isomorphism classes of X 1 .
3.4.4. Type 4D/4D . Suppose now that f −1 (Y 1 ) is a cycle of smooth rational curves (or a nodal cubic). The restriction of f to these rational components will be unramified over y , and we will again attach smooth curves at the points of f −1 (y ), which we find must be rational and disjoint. However, to make X have the correct genus, two of these rational components must coincide, i.e., we have a rational bridge between two distinct components of f −1 (Y 1 ) (type 4D) or a rational bridge between two points on the same component of f −1 (Y 1 ) (type 4D ). In both cases, the bridge must map to Y 0 with degree 2, branched over y 1 , y 2 ∈ Y 0 .
In Thus, by Riemann-Hurwitz, X 1 must be rational and coefficients of the branch divisor must be either
Suppose we are in the first case: then, y has two preimages x , x ∈ X 1 such that e x + e x = d 1 , and y has a single preimage x ∈ X 1 with e x = d 1 .
Let n be the total number of components of X . Then, there are 3n /2 points in total lying over y and y . Blowing up at these 3n /2 points leaves n disjoint curves of genus 0, and hence 2p a (X ) = −n + 1 + 3n /2 = n /2 + 1. Thus n = 2, and X ∼ = C 000 ; the ramification indices at the three nodes of X must be a , b , d /2, where a + b = d /2, and there must be one smooth simple ramification point on each component of X .
INTERSECTION WITH THE FIRST TEST FAMILY
We first define the test family, t E , which we intersect with π 2/1,d . We fix, throughout this section, a general elliptic curve (E , 0). Let t E : 1,1 → 2 be the morphism of stacks sending (E , 0 ) to the genus 2 curve E ∪ E /(0 ∼ 0 ).
Proof. Proof. An object of this groupoid consists of the data of an elliptic curve (E , 0 ), an admissible cover f : X → Y , and an isomorphism of t E ([E ]) ∼ = X c , where X c is the curve obtained by contracting unstable components of X . By §3, f is a cover of type 2C. Thus, Y = Y 0 ∪ Y 1 with Y i smooth of genus i and Y 0 ∩ Y 1 = y , and both marked branch points y 1 , y 2 lie on Y 0 . Moreover, X consists of two smooth genus 1 components X 1 , X 1 covering Y 1 , a smooth rational component connecting X 1 and X 1 and covering Y 0 via a degree 2 map branched over y 1 , y 2 , and d − 2 other rational components mapping isomorphically to Y 0 and attached to X 1 or X 1 at the preimages of y . Then, X c is simply the union X 1 ∪ X 1 , where the two components intersect transversely at x . The isomorphism t E ([E ]) ∼ = X c is thus an isomorphism
An automorphism of such an object would then consist of an automorphism of E and an automorphism f compatible with φ. Note that we may not apply a non-trivial automorphism to X 1 because φ(E ) = X 1 , and thus we may not apply a non-trivial automorphism to Y 1 . A non-trivial automorphism of X 1 over Y 1 has no fixed points, so cannot be compatible with an automorphism of E . Therefore, (E , f , φ) has no non-trivial automorphisms.
Lemma 4.3. At every point of intersection of π 2/1,d and t E , the intersection multipliticity is 2.
Proof. Suppose we are given such a point, as described in the proof of Lemma 4.2. By Proposition 2.4, d m 2/1,d is smooth at [f : X → Y ], and the deformation theory of f is equivalent to that of (Y , y 1 , y 2 ), where y 1 , y 2 are the branch points of f . The two directions for first-order deformations of (Y , y 1 , y 2 ) vary the elliptic curve Y 1 and smooth the node at y . The former maps to a first order deformation on 2 varying the elliptic curves X 1 , X 1 simultaneously. A deformation of Y smoothing of the node at y simultaneously smooths all of the nodes of X above y . Contracting the rational bridge between X 1 and X 1 in this deformation introduces a rational double point in the total space of the induced deformation of X , so the node of X c = X 1 ∪ X 1 is smoothed to order 2. 
The complete local rings at points of intersection of π 2/1,d and t E are thus isomorphic to [t ]/t 2 , so the conclusion follows. . By the description given in Lemma 4.2, it suffices to enumerate the number of (isomorphism classes of ) ordered pairs of isogenies E → E and E → E whose degrees sum to d . (Note that in this case swapping the labels on the two marked branch points results in an isomorphic cover.) By Lemma 2.5, this number is 
Corollary 4.4. We have
so we are done.
INTERSECTION WITH THE SECOND TEST FAMILY
Throughout this section, fix a general elliptic curve (E , 0).
The family η E .
Consider the projection to the first factor p : E × E → E , and let b : Y → E × E be the blowup of E × E at the origin. Let f : Y → E be the composition p • b . Let A and B be the proper transforms of E × 0 and ∆, respectively, so that A and B are disjoint in Y . Then, let X be the irreducible surface obtained from Y by gluing A to B along the fibers of f , so that we have a factorization f : Y → X → E . The first map ν : Y → X normalizes the general fiber of g : X → E . The fiber g −1 (x ) is the irreducible nodal curve formed by gluing 0 to x in E if x = 0, and g −1 (0) is the genus 2 curve formed by attaching a nodal cubic to E at 0.
The morphism g : X → E is a family of genus 2 curves, and we denote by η E : E → 2 the corresponding morphism. We compute the corresponding bivariant class [η E ] ∈ A 2 ( 2 ) by computing its intersection with the divisor classes δ 1 and λ 1 .
Lemma 5.1. We have c 1 (Λ 2 g * ω X /E ) = 0.
Proof. As g * ω X /E is a rank 2 vector bundle on the curve E , we have
We also have an injection ω X /E → ν * ω Y /E (A + B ). After pushing forward to E , we obtain an injection of rank 2 vector bundles g * ω X /E → f * ω Y /E (A + B ), which is an isomorphism on each fiber. It follows that g
Thus, it is left to compute c 1 (f * ω Y /E (A + B ) ). First, note that
By Grothendieck-Riemann-Roch,
Because E is an elliptic curve, td(T E ) = 1. Moreover, ω Y (A + B ) has vanishing H 1 on every fiber of f , so all higher pushforwards of ω Y (A + B ) vanish. Hence the class f * ω Y (A + B ) ∈ K 0 (E ) is simply the sheaf f * ω Y (A + B ), and the left hand side of (2) is
We now compute the right hand side of (2). Let K = ω Y be the class of the canonical bundle in A 1 (Y ). Because the canonical bundle on E × E is trivial, K is exactly the class of the exceptional divisor of the blowup b . Thus,
where x denotes the class of a point on the exceptional divisor of b . Next, to compute td(T Y ), we apply [Ful98, Theorem 15.4]. Letting j : 1 → Y be the inclusion of the exceptional divisor on Y , we get: Putting everything together, we find
Lemma 5.2. The intersection of the morphisms η E : E → 2 and b 1 : 1,1 × 1,1 → 2 is the disjoint union of two reduced points of degree 1.
Proof. The only reducible fiber of g : X → E is g −1 (0). Thus, the objects of the groupoid E ×
2
( 1,1 × 1,1 )(Spec( )) are the triples consisting of the point 0 ∈ E , a pair of elliptic curves
. Up to isomorphism, there are only two such objects, which correspond to the choices of ordering of the two components of g −1 (0), and it is clear that these objects have no non-trivial automorphisms.
Thus, it suffices to show that η E and b 1 intersect transversely, i.e., no non-trivial tangent vectors v to [g −1 (0)] ∈ 2 factor through both b 1 and η E . If v factors through η E , then the corresponding first-order deformation of X 0 smooths the separating node x ∈ X 0 , as X is smooth at x . On the other hand, first-order deformations factoring through b 1 do not smooth the node at x , so we must have Proof. The proof is similar to the proof of Lemma 4.3. The deformation directions for the cover X → Y vary the elliptic component of Y or smooth the node. These induce deformations of X c which vary the elliptic curve X 1 (non-trivially, to first order) and smooth the node of X c to order 2, respectively. The tangent direction coming from E moves apart the glued points of X , which is orthogonal to the other two directions. We conclude in a similar way to Lemma 4.3 that the intersection multiplicities are all 2.
Proof. By Lemmas 5.4 and 5.5, it suffices to show that the subset of (E × 2 d m 2/1,d )(Spec( )) corresponding to covers of type 2C has cardinality σ (d )(d − 1) .
To do this, we may give a bijection between this subset and the set of pairs (G , g ) where
The claim then follows from Lemma 2.5. In one direction, given a triple (x , f , h ), let h : X 1 → E be the induced isomorphism after normalizing both sides. Then, we send
, where the origin of Y 1 is taken to be the node y , and g = h (x ). In the other, let f be the map obtained by gluing rational curves in the obvious way to both sides of E → E /G , set x = g , and let h be induced by the identity on E .
Covers of type 3C.
We now turn to admissible covers f : X → Y of type 3C. Here, Y is a nodal cubic with node y and marked points y 1 , y 2 ∈ Y , and X is a union of smooth curves X 1 ∼ = E and X 2 , . . . , X n ∼ = 1 , which are arranged in an n -gon, or, when n = 1, X is irreducible of genus 2. Each of X 2 , . . . , X n maps via x → x a to 1 , then to Y via a normalization, so that f is ramified over Y at all of the nodes of X with ramification index a ≥ 2 at every branch. Then, f has degree a when restricted to X as well, and in addition is simply ramified at x 1 , x 2 ∈ X 1 over y 1 , y 2 , respectively. The total degree of f is therefore d = a n . Proof. The data of an automorphism of such an object is that of an automorphism of f that induces the identity on X c , and thus on X 1 . Thus, we may only apply automorphisms of the components X 2 , . . . , X n over Y . Each component has a automorphisms over Y , corresponding to multiplying by a -th roots of unity, so we have a n−1 in total.
Lemma 5.8. At every point of intersection of π 2/1,d and η E where the cover f has type 3C, the (nonstacky, on the level of complete local rings) intersection multipliticity is n a n −1 .
Proof. By Proposition 2.4, the complete local ring at f is
Here, t is a smoothing parameter for the node of Y and t i is a smoothing parameter for the node X i ∩X i +1 (where we denote X n+1 = X 1 ). The parameter s corresponds to the deformation of the base that moves y 1 and y 2 apart. More precisely, the quotient map
be the complete local ring of 2 at [X c ], where the coordinates are chosen as follows. The coordinate z is the deformation parameter for a deformation of X c that moves apart the nodes of X 1 (more precisely, the quotient map
] is induced by η E ). The coordinate x is the deformation parameter of X c that varies the elliptic curve (X 1 , x 1 ). Finally, the coordinate y is a smoothing parameter for the node of X c . The morphism π 2/1,d thus induces a map on complete local rings
We claim that, possibly after harmless renormalizations of the coordinates above, we have
where v x ∈ (t 1 , . . . , t n ) and u y is a unit.
From here, we will conclude that the complete local ring of E × 2 d m 2/1,d is of the form
, which is a complete intersection of local hypersurfaces of degrees a , . . . , a , n , and the conclusion follows.
The claim above follows from the following three statements: ) after setting all of the t i equal to t 1 and killing s , where c ∈ * .
First, consider (a). Killing all of the t i corresponds to taking a 1-parameter deformation of X c that results from applying the deformation of (Y , y 1 ,
be the normalization of Y , so that X 1 is a 4-point cover of Y , ramified over 0, 1, y 1 = ∞, y 2 = λ. It suffices to show that varying λ to first order varies the elliptic curve (Y , f −1 (∞)) to first order as well. Indeed, after specifying the appropriate monodromy above 0, 1, ∞, λ, we get a dominant and thus generically unramified map of stacky curves M 0,4 → 1,1 sending (0, 1, λ, ∞) to the unique elliptic curve branched over Y in the specified way. As E is chosen to be general, the claim follows, and after renormalizing the coordinate s we may conclude ρ(x ) = s (mod (t 1 , . . . , t n )).
Statement (b) is immediate from the fact that killing any t i results in a deformation of X c that is nodal on the general fiber.
Finally, statement (c) says that if we smooth the nodes of X simultaneously and do not vary the component X 1 , contracting the rational components on the special fiber yields a smoothing of order n at the contracted point. Indeed, the contraction map is resolution of an A n -surface singularity in the total space of the deformation of X . This completes the proof. Proof. By Lemmas 5.7 and 5.8, we get a contribution of n in this intersection for each admissible cover of type 3C where X has n components and has X 1 ∼ = E . By Lemma 2.6, there is one such cover for each nonzero (d /n)-torsion point of E , disregarding the marked points on the base. When a = d /n = 2, these covers are all the same, but the non-zero torsion points give rise to a different admissible covers, distinguished by where the rational components are attached on X 1 . Because we have two choices for the markings of the simple branch points of f , the total contribution to
6. THE CLASS OF π 2/1,d
We now combine the results of the previous two sections to complete the main calculation. 
Combining Corollaries 5.3, 5.6, and 5.9 with Theorem 2.1, we also have, from intersecting π 2/1,d with
Solving for x and y , we obtain
as desired.
We now prove Corollary 1.2, that the coefficients of δ 0 and δ 1 , when assembled into generating functions, are quasi-modular forms.
Proof of Corollary 1.2. Recall that Qmod is generated over by the Eisenstein series
Moreover, we have the standard formulas
We also have the Ramanujan differential equation
see [BY03] . Therefore, we may write
6 + E 4 − 1 120 and
The conclusion is immediate.
We end this section by speculating about possible generalizations of these results to higher genus. 
In light of the examples of [GP03] and [vZ18] , it seems natural to expect that the answer to (a) is no when d is fixed and g is sufficiently large compared to d . Analogous quasi-modularity results to (b) hold, in the setting of Gromov-Witten theory, for covers of fixed elliptic curves, see [OP06, §5] . Our method of computation extends, in principle, to higher genus, provided one can classify admissible covers and produce enough test classes, but this approach is clearly impractical without new ideas. We point out that Schmitt-van Zelm [SvZ18] have developed an algorithm for intersecting tautological classes on g with loci of Galois admissible covers, whose deformation spaces are smooth.
7. PROOF OF THEOREM 1.3
In this section, we give an application of Theorem 1.1. Given five very general points x 1 , . . . , x 5 ∈ 1 , we compute the number of points x 6 such that the hyperelliptic curve branched over the x i is delliptic. We may associate to x 1 , . . . , x 5 a 1-parameter family µ P , and compute its intersection with µ 2/1,d ; after exhibiting enough control on the covers that appear in this intersection, we deduce Theorem 1.3.
7.1. The Class of µ P . Let P ∈ [x ] be a square-free monic polynomial of degree 5. We define a map µ P :
1 → 2 sending t to the hyperelliptic curve branched over t 2 and the roots of P , and denote the corresponding class by [µ P ] ∈ A 2 ( 2 ). More precisely, the total space X has charts
The transition functions are as follows: between U 1 and U 2 , we have t = 1/s and y = i t y (where i is a square root of −1), between U 1 and U 3 , we have u = 1/x and v = u 3 y , and between U 2 and U 4 , we have u = 1/x and v = u 3 y . Then, we have a family g : X → 1 = Proj [s , t ] of stable genus 2 curves. Proof. We the family µ P to avoid two loci: smooth curves arising from covers of type 2A/2A' as contractions of their sources, and irreducible nodal curves arising as elliptic curves with a d -torsion point glued to its origin. Let Z ⊂ 2 be the union of these loci; note that Z is 1-dimensional. Given a point [C ] ∈ 2 in the image of some µ P , there is a 3-dimensional family of P such that µ P passes through [C ] , and a 5-dimensional space of P , so P may be chosen so that µ P avoids Z . Lemma 7.3. Suppose P is a general monic square-free polynomial of degree 5, and s ∈ is not a root of P . Then, the genus 2 curve C associated to the affine equation y 2 = f (x )(x −s ) has either #Aut(C ) = 2 or #Aut(C ) = 4. The latter occurs if and only if C is bielliptic.
